Abstract. We include a three body density interaction in the Bose Hubbard model and study its effects on the phase diagram for spinor (S = 1) bosons on an optical lattice via a mean field theory. The Mott insulating (MI) phases are noted to stabilize, in the sense that the MI phases extend to larger values of the system parameters alongwith widening of the particle-hole excitation spectrum as the three body interaction term is included for both the polar (spin dependent interaction being positive) and the ferromagnetic (spin dependent interaction being negative) cases. Another remarkable feature emerges as the phase diagram corresponding to the ferromagnetic case becomes distinct from that of its spinless variant, which in the absence of the three body term is indistinguishable from that of the scalar particles. A strong coupling perturbation theory is employed to provide analytical support to the above results.
Introduction
The experimental observation of the superfluid (SF) to Mott insulator (MI) transition with ultracold atoms trapped in optical lattices gives a prominent signature of quantum phase transition [1] . The quantum fluctuations that arises due to Heisenberg's uncertainty principle plays a vital role to study the quantum many body phenomena in light of atomic physics and optics. With the technological revolution, atoms in optical trap preserve their hyperfine spin, F ( 87 Rb, 23 N a) and thereby known as spinor Bose gas unlike the magnetic trap which ceases the z component of spin degrees of freedom, F z making them as scalar or spin-0 Bose gas [2] . Significant progress has been made to study the spinor Bose gas where the SF to MI phase transition gets modified due to the hyperfine spin being present and hence posseses much richer phase diagrams compared with the spin-0 counterpart [2] [3] [4] [5] .
Following the seminal paper by Fisher et. al. [6] , the dynamics of cold atoms in optical lattices can be modeled by the Bose Hubbard model (BHM) where the superfluid to Mott insulator phase transition is controlled by a single parameter, namely the ratio of tunneling to onsite interaction energy [7] . Since then, theoretical efforts have been made to study the BHM in its different forms like including the spin-orbit coupling, nearest neighbour extended interaction, three and higher body interaction terms etc. Among them, the study of three body interaction on the BHM for both the scalar [8] [9] [10] [11] and spinor [12] [13] [14] Bose gas has gained much momentum after its successful experimental observation by Will et. al. [15] .
In this work, we will study the spinor BHM in presence of the three body repulsive interaction strengths through mean field approach (MFA) [16] . We observe the effect of three body interaction on the Mott insulating phase and thereby change in critical tunneling strength for the SF to MI transition. Finally we performed a perturbation calculation to provide a strong support against the mean field phase diagrams.
Spinor Bose Hubbard Hamiltonian
The Bose Hubbard Hamiltonian (BHM) for spin-1 ultracold atoms with three body interaction term is [9, 10, 13, 17] ,
where t is the tunneling matrix, i, j are the nearest neighbor sites, µ is the chemical potential, U 0 describes the spin independent and U 2 is the spin dependent on-site interaction. U 0 and U 2 related to the scattering lengths, a 0 and a 2 as U 2 /U 0 = (a 2 −a 0 )/(a 0 +2a 2 ) corresponding to S=0 and S=2 channels and W is the strength of three body interaction term. The spin dependent interaction, U 2 is antiferromagnetic (AF) for a 2 > a 0 and ferromagnetic (F) for a 2 < a 0 . The total spin at site i is given by, S i =â † iσ F σσ ′â iσ ′ where F σσ ′ are the components of spin-1 matrices and σ =+1, 0, -1. The particle number operator,n i = σn iσ ,n iσ =â † iσâ iσ whereâ † iσ (â iσ ) is the boson creation (annihilation) operator at a site i. Applying mean field approximation [3, 16] to decouple the hopping part of the Hamiltonian, the BHM can be written as a sum of single site Hamiltonians as,
where V and H 0 are the perturbed and unperturbed Hamiltonian and the superfluid order parameter at a site i as ψ iσ ≡ â iσ and the local density, ρ can be computed using, ρ = σ ψ eq |n σ |ψ eq , where ψ eq is the self consistently computed ground state.
Results
At first we consider the atomic limit t = 0 to see the effect of three body interaction. In the atomic limit t = 0, the Hamiltonian consist only the unperturbed term i.e H 0 . Since S andn both commute with each other, they have a common eigenstate |S, S z , n and the eigenvalue E 0 is given by
In the atomic limit, the system consists of only the Mott insulating (MI) phase where there is a gap in the particle hole excitation spectrum. The energy gap, E g for a particular filling of the MI lobe n corresponds to the upper and lower boundaries of the MI region as E 0 (S −1, n−1) < E 0 (S, n) < E 0 (S +1, n+1) [18] .
In the AF case, this inequality leads to the following equations corresponding to the even MI lobes as (n − 1) −
n(n − 1) and for odd MI lobes as (n − 1) +
n(n − 1) and also in the ferromagnetic case, (n − 1)(1 +
n(n − 1) and is shown in Fig.1 . The chemical potential width, µ in both AF and F cases becomes wider due to W/U 0 which suggest the increase in energy gap E g and hence the MI lobes becomes more stable compared to the Similarly in ferromagnetic case, the µ width for n = 1 MI lobe remains unaltered but the higher order MI lobes are affected by W/U 0 and the system more likely to be in the insulating regime than in the SF regime [ Fig.1 ].
We now turn on the hopping term t and diagonalize the matrix n ′ σ |H M F |n σ to obtain the ground state energy and equilibrium order parameter ψ eq . In the homogeneous case, the Hamiltonian is site independent and we neglect the site index i to compute the SF order parameter ψ and local density ρ to study the MI to SF transition as a function of µ/U 0 in presence of W/U 0 [ Fig.2 ]. The variation of ψ σ and ρ σ corresponding to both in antiferromagnetic (AF) and ferromagnetic (F) cases are shown in Figs.3 and 4 .
The variation of ψ and ρ show that in the MI phase, ψ is 0 and ρ = integer while in SF phase, ψ shows finite values and ρ = non integer [ Figs.2(a),(b) ]. With the three body interaction, W/U 0 , the MI-SF phase transition for the first MI lobe occurs at same value of µ/U 0 but for second and [ Fig.4(a),(b) ]. We verify that ψ + = ψ − = 0, ψ 0 = 0 and ρ + = ρ − in AF case and ψ + = ψ − = 0, ψ 0 = √ 2ψ + in the ferromagnetic case which was studied earlier without W/U 0 in [3] and they show similar kind of behaviour as that of ψ and ρ with W/U 0 . Also the critical tunneling strength zt c /U 0 for MI-SF phase transition now occurs at higher value of zt/U 0 due to the three body interaction strength as this interaction forces the system towards the Mott insulating regime which can also be seen from the perturbation calculation in the following discussion.
In order to get a clear visualization of the MI-SF phase transition and the effect of W/U 0 , we compute the phase diagrams based on the SF order parameter ψ [Figs.5 and 6 ]. The phase diagram without W/U 0 for AF case is in Fig.5(a) ] and ferromagnetic case is shown in Fig.6(b) . In the AF case, the even MI lobes with occupation densities ρ = 2, 4... get enlarged compared In the AF case, the even MI lobes are found to be more stable than the odd MI lobes [Figs.5(b) and 6(a)] and the later also expanded compared with their previous counterparts. In the ferromagnetic case, the higher order MI lobes also show similar properties as that of W/U 0 in AF [ Fig.6(c)] .
We now include a second order perturbation calculation to provide a strong theoretical support for the mean field phase diagram presented following the approach developed in ref. [4] . As we have seen in atomic limit t = 0 [ Fig.1 ], using the non degenerate perturbation theory, the second order correction for the even MI lobes in the AF case is given by,
Now calculating all the non zero elements of q|V |0, 0,n , the ground state energy can be written in terms of series expansion of ψ as E n = E 0 + E 2 ψ 2 + O(ψ 4 ). To find the tip of MI lobes, we minimize the ground state energy E n with respect to ψ which leads to the following equation,
Similarly using degenerate perturbation theory in [4] , for the odd MI lobes, If we plot these two equations for W/U 0 = 0.5 and U 2 /U 0 = 0.1, the obtained phase diagram is shown in Fig.5 (c) and found that it is in complete agreement with the mean field phase diagram Fig.5(b) . If we solve the above equations, which are quadratic in µ shows that the critical hopping strength, t c /U 0 (by equating µ + and µ − ) for MI-SF phase transition increases with W/U 0 .
Conclusion
We study the effect of three body repulsive interaction on spin-1 BHM through mean field analysis. At first, we first consider the atomic limit that is t = 0 to the Mott lobes both in antiferromagnetic (AF) and ferromagnetic (F) cases. All the Mott lobes except the first one gets extended and becomes more stable compared to the SF phase due to the presence of three body interaction strengths. We also compute the SF order parameter and local density to study the MI-SF phase transition with three body interaction strength and obtain the phase diagrams based on the SF order parameter both in AF and ferromagnetic cases. Finally a perturbation calculation is provided to support of the mean field phase diagrams.
